We extend the investigation of the structure of the late-time wavefunction of the universe to a class of toy models of scalars with time-dependent masses and polynomial couplings, which contains general massive scalars in FRW cosmologies. We associate a universal integrand to each Feynman diagram contributing to the wavefunction of the universe. For certain (light) masses, such an integrand satisfies recursion relations involving certain differential operators, connecting states with different masses and having, as a seed, the massless scalar (which describes a conformally coupled scalar in FRW cosmologies as a special case). We show that it is a degenerate limit of the canonical form of a generalisation of the cosmological polytopes describing the subclass of these models with massless scalars. Intriguingly, the flat-space scattering amplitude appears as a higher codimension face of this generalisation of the cosmological polytope: this is the reflection of the fact that it is contained in the leading term in the Laurent expansion as the total energy is taken to zero, with the codimension of the face providing the order of the total energy pole. The same connection between the other faces and the Laurent expansion coefficients holds for the other singularities of the wavefunction of the universe, all of them connectable to flat-space processes. This new construction makes manifest the origin of the multiple poles in the universal integrand of the wavefunction, which is exactly obtained in a degenerate limit, where some of the singularities of the canonical form of the polytope collapse onto each other. Finally, we consider the mass as a perturbative coupling as well, showing that the contribution to the wavefunction coming from graphs with mass two-point couplings can be identified with a degenerate limit of the canonical form of the cosmological polytope, if the perturbative expansion is done around the massless (conformally coupled) state; or as double degenerate limit of the canonical form of the extension of the cosmological polytopes introduced in the present paper, if the perturbative expansion is done around minimally coupled states.
Introduction
Physics at accessible high energies is extremely constrained by the unitarity of time evolution as well as Lorentz invariance and the locality of the interactions: these basic principles fix all the possible three-particle couplings [1] [2] [3] , Yang's theorem [3] , the consistency of the interactions among massless particles with spin less or equal to two [1] [2] [3] [4] , the impossibility of having interaction involving a finite number of massless particles with spin higher than 2 [1, 2, 4, 5] , as well as the charge conservation for interactions mediated by massless spin-1 particles, the equivalence principle [5] and the uniqueness of the graviton [1] .
The imprint of locality and unitarity in the relevant quantum mechanical observables, i.e. the scattering amplitudes, is given by their sufficiently analytic structure with at most poles and branch cuts, with locality fixing the location of such singularities at those points of kinematic space where the square of the sum of two or more momenta vanishes, while unitarity reflects into the fact that when such singularities are approached, the scattering amplitudes factorise into lower point ones.
However, while Lorentz invariance is broken at cosmological scales, the phase of accelerated expansion the universe is undergoing [6, 7] , makes impossible even in principle to have a well-defined quantum mechanical observable. However, for cosmologies in which the universe opens up to become infinitely large and flat at sufficiently late times -which indeed is not ours, due precisely to the current accelerated expansion -, it is possible to define spatial correlation functions, or, equivalently, the wavefunction of the universe whose squared modulus provides the probability distribution through which the spatial correlations can be computed. They are static quantities which depends only on data living at the future spatial boundary of the universe. Having now both Lorentz invariance and unitarity as approximated concepts (the former is broken, while the latter is hidden because the time evolution has been integrated out), the features listed above are not bounded to hold. And, indeed, important differences appear, e.g. in cosmological settings we no longer have cluster decompositions globally, but it can hold only in each branch in which the wavefunction of the universe separates via a branched diffusion process as the universe expands [8] . The lack of global cluster decomposition manifests itself even in the structure of the two-point function for massless scalars, which grows logarithmically at large distances, as well as in the ultrametric structure of the wavefunction of the universe [9] . All these features are tied to the tree-like structure of the cosmological bulk [10, 11] .
Thus, it is fair and necessary to ask whether there exists a cosmological counterpart of the list of constraints which hold for flat-space scattering, and which are the fundamental principles behind it. Said differently, we need to understand what are the invariant properties that the wavefunction of the universe ought to satisfy in order to come from a consistent causal evolution in cosmological space-times. Despite the existence of a number of consistency conditions for inflationary correlation functions [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , yet no general rules are known for cosmological observables, and very little is known about the structure of the wavefunction of the universe [27, 28] .
In order to address this class of questions, we need to collect more theoretical data: this is an important zero-th order step for gaining a deeper understanding of the general analytic structure of cosmological observables and how physics is encoded into it. One distinctive feature that we have already learnt for observables with Bunch-Davies condition in the infinite past, is that the lack of time translation invariance shows up as a dependence on the sum of the energies, i.e. the length of the momenta, of all the states in the correlation function/wavefunction of the universe. Outside of the physical sheet, they develop a singularity in such a sum, which can be reached upon analytic continuation. At this point in energy space, the process shows energy conservation and, thus, is time-translation invariant as well as Lorentz invariant, and it reduces to the high energy limit of the flat-space scattering amplitudes -this is a fact which can be understood by realising that the point in energy space n j=1 E j −→ 0 dominates as the interaction are taken at early times, with the late-time boundary which effectively becomes infinitely far away and disappears, restoring the conditions which characterise a scattering process in flat-space [29, 30] . It is quite remarkable how the wavefunction of the universe and the spatial correlation functions in a static Bunch-Davies vacuum encode the flat-space scattering amplitudes. This relation between cosmological and flat-space observables has deep implications for the analytic structure of the formers, which are not yet fully understood: there should be an imprint of all the theorems and properties holding for the flat-space S-matrix in the wavefunction of the universe. For example, it has to factorise in a codimension-two surface of the energy space, reflecting the factorisation properties in flat-space.
This fact has been used, together with the requirement that BunchDavies observables should not have singularities in the physical sheet as well as conformal symmetry, to compute the four-point correlation functions with external conformally-coupled or massless scalars and internal massive states in de Sitter space-time and the inflationary three-point functions which can be obtained from the former by evaluating one of the external states on the time dependent background [31] .
Even more surprisingly, for a large class of toy models described by a massless scalar state in flat-space with time-dependent polynomial interactions, which, upon a specific choice for the time-dependence of the couplings, contains the conformally-coupled scalars with polynomial interactions in FRW cosmologies [32] , it is possible to reconstruct the Bunch-Davies perturbative wavefunction at all order in perturbation theory from the knowledge of the flat-space scattering amplitudes and the requirement of the absence of unphysical singularities [33] . Despite this latter result cannot be completely general, but it may hold for a larger class of toy models, it suggests that the flat-space physics constrains the wavefunction of the universe more than what one would have ever expected. In the case of [33] , it reflects into the fact that the coefficients of all the singularities can be interpreted in terms of flat-space processes or, anyhow, expressed in terms of them.
These features are made manifest in the formulation of the wavefunction in terms of cosmological polytopes introduced in [32] . They are combinatorial-geometrical objects with their own first principle definition, characterised by a differential form, called canonical form 1 , whose coefficient has all the properties that we ascribe to the wavefunction of the universe. In particular, their boundaries are lower-dimensional polytopes which encode the residues of the wavefunction poles, with the hyperplanes identifying them being related to the poles themselves. Thus, there is a codimension-one boundary, named scattering facet, which is related to the total energy pole and encodes the relevant flat-space scattering amplitude. Amazingly, the vertex structure of such a facet makes the cutting rules manifest, allowing us for a novel combinatorial-geometrical proof of them, while its dual makes Lorentz invariance manifest [35] .
The works [31] and [32, 33, 35] provide two different but complementary approaches for understanding the general rules behind cosmological processes, both of which take the perspective of not considering explicitly the time evolution: in the former the correlation functions are determined from symmetries and the knowledge of their singularities, in a very S-matrix-like fashion; the latter instead consider a totally new mathematical formulation with the rules we are looking for which should emerge from its first principles 2 . However, in both the approaches we still need more theoretical data in order to grasp the fundamental properties ruling the cosmological observables.
In this paper, we will extend the exploration of the detailed structure of the perturbative wavefunction of the universe developed in [32, 33, 35] , focusing on a class of toy models of scalars with time-dependent masses and time-dependent polynomial couplings, which contains massive scalars with polynomial interactions in FRW cosmologies, upon a specific choice of the time-dependence of the mass and couplings. In Section 2, after having introduced the model and discussed its generalities, we restrict to a subclass for which the time-dependent mass is inversely proportional to the (conformal) time and we define a set of differential operators mapping free flat-space massless 3 scalars (i.e. conformally coupled scalars in FRW cosmologies) to states with generic masses. This allows us to focus on the wavefunction of the universe with external massless scalars and prove a novel set of recursion relations which relates wavefunction with internal states with different masses and involve certain differential operators. In Section 3, we exploit these recursion relations for a class of values of the masses, for which the iterated recursion relations has the structure of a differential operator acting on the wavefunction with all the internal states being massless (i.e. conformally coupled). In these cases the masses on a given edge e of the graph representing a certain contribution to the wavefunction, can be labelled by an integer l e , and the wavefunction is represented by edge-weighted graphs with the integer l e being the weight of the edge e. While the combinatorial rules proven in [32] for computing the seed of our new recursion relations together with the differential operators, allows us to compute the contribution to the wavefunction from a given graph, we also provide a combinatorial rule to predict the order of the poles in the wavefunction. Section 4 is devoted to generalise the discussion of the previous section. In this case we treat the mass perturbatively. In Section 5 we discuss a generalisation of the cosmological polytopes, whose canonical form encode the wavefunction of the universe for l = 1, which contains the minimally coupled scalars in FRW cosmologies. We discuss in detail its face structure. The wavefunction of the universe turns out to be a degenerate limit of the canonical form of these polytopes, and the flat-space amplitude is returned by a higher codimension face. For these wavefunctions, the flat-space amplitudes are given by the coefficient of the leading term in its Laurent expansion when the total energy goes to zero. This is beautifully reflected in the polytope picture by the fact that the scattering face has now higher codimension, with the codimension giving the degree of the pole. We conclude the section commenting on the polytope description of the perturbative mass expansion, whose contribution can be obtained as a degenerate limit of a certain subclass of the standard cosmological polytopes. The degenerate limit allows to obtain a rational function with multiple poles from the canonical forms of the polytopes which are characterised by having logarithmic singularities only. This is a very similar phenomenon to what happens in the case of the halohedron [41] . Finally, Section 6 contains our conclusion and outlook.
The wavefunction of the universe for massive scalars
We consider a class of toy models of a scalar φ in a (d + 1)-dimensional flat space-time with a timedependent mass µ(η) as well as time-dependent polynomial couplings:
The model is formulated as a scalar in flat-space, with the cosmology encoded into the time-dependence of the mass and of the coupling. Thus, when we refer to the states, we will always use the flat-space wording, unless otherwise specified.
Such a model describes a massive scalar φ in FRW cosmologies with polynomial self-interactions, for the following choices for the mass µ(η) and the couplings λ k (η)
where˙indicates the derivative with respect to the conformal time η, a(η) is the time-dependent warp factor for FRW cosmologies:
and ξ is a parameter such that for ξ = (d − 1)/4d and m = 0 the model reduces to the one of a conformally coupled scalar with (non-conformal) polynomial interactions 4 , which has been discussed in [32, 33, 35] ; for ξ = 0 the scalar becomes minimally coupled. The mode functions are determined by the following differential equation 4) with the condition that it vanishes in the far past, as η −→ −∞. A solution for such an equation is not known for an arbitrary time-dependent mass µ(η), but it can be studied if it is considered perturbatively. For the time being, let us focus on the specific choice µ(η) = µ 2 α η −2 , which corresponds to cosmologies with a(η) = (−η) −α (α ∈ R), where
for m = 0, and it includes also the case m = 0 for α = 1 (i.e. in de Sitter), with
In this case, the solution of the mode equation (2.4) ensuring the correct oscillating behaviour in the far past φ • (η)
e iEη is given in terms of Hankel functions of the second type
Notice from (2.5) that ν can be either real or purely imaginary depending on whether µ 2 α is respectively smaller or greater than 1/4. More explicitly, the order parameter ν writes
There is also another special case for which the model reduces to a massless scalar with time-dependent interactions, but without requiring that the parameter ξ has the conformal value. Setting m = 0, it corresponds to a specific choice of cosmology, such that:
For d = 1, the warp factor is an exponential a(η) = a 0 e A 0 η , which vanishes in the far past if A 0 ∈ R+. For d > 1, the solution blows up as η −→ −∞. Finally notice that, in a cosmology a(η) = a 0 e A 0 η (A 0 ∈ R+) and with d > 1 (and still m = 0), it is described by a scalar with a constant mass in a flat space-time -while for m = 0, the time-dependent mass of the flat-space scalar increases as the universe expands.
Figure 1: Example of a Feynman graph contribution to the wavefunction of the universe (left) and its associated reduced graph (right), which is obtained from the former by suppressing the external lines.
and it can be either imaginary (ν = iζ, ζ ∈ R) or real for α = 1 -they are respectively the principal and complementary series in de Sitter -, while it is only real for generic α. In this last case, ν ∈ Z 1
. Furthermore, as for the case of a generic function µ(η), the mode equation (2.4) for generic α and m cannot be solved exactly, but it can be treated considering m perturbatively, which will be analysed in Section 4.
As usual, the perturbative wavefunction can be computed via Feynman graphs whose vertices are associated to the time-dependent couplings λ k (η), the external edges to the bulk-to-boundary propagators, which are given by the solution of (2.4) satisfying the Bunch-Davies boundary condition, and the internal edges are associated to a bulk-to-bulk propagator, which shows three terms, two encoding the time-ordered Feynman propagators and the third one fixed by the condition that the fluctuations have to vanish at the boundary:
where V and E are the sets of, respectively, the vertices and the internal edges of the graph G,
are the free solution associated to the external states, and G e is the propagator which is given by
8)
E j and y e being the modulus of the momentum of an external state j and of the momentum running along the edge e, respectively, whileφ • identifies the complex conjugate of the mode function φ • .
Finally, considering the time-dependent coupling constants λ k (η) in Fourier space
the perturbative wavefunction can be written as
where
Our analysis will mainly focus on the structure of (2.11), leaving the integrations (2.10) as the very last step. From the perspective of the integrand ψ G , the time-dependence of the coupling constants is reflected in the presence of an additional massless external state at each vertex. For cosmologies
2), the Fourier coupling constantλ k (ε) has support on the Heaviside step function ϑ(ε) and, consequently, it takes values just on the positive energy axis. More precisely:
As we will discuss in more details later, for γ k < 0, ψ G can be obtained by acting with a derivative operator on ψ G . As a final remark, in the rest of the paper, unless stated explicitly, we will focus on cosmologies a(η) ∝ (−η) −α , for which the (squared) time-dependent mass is µ 2 (η) = µ 2 α η −2 and the mode functions are given in terms of Hankel functions, as discussed earlier.
Boundary representations for the wavefunction of the universe
In order to get more insights into the structure of the wavefunction of the universe, the zero-th order step is to look for new ways of computing it. For cosmologies a(η) ∝ (−η) −α , the data characterising the wavefunction of the universe are the moduli E j of the spatial momenta, the angles among the spatial momenta themselves which can be parametrised via the moduli y J of sums of momenta (y J ≡ j∈J − → p j , J being a subset of the external momenta), as well as the masses of the states involved, which can be encoded into the parameter ν j defined as in (2.6). So, given a graph G, the related wavefunction will be denoted as ψ ({ν j }; {νe}) G ({E j }, {y e }), with the energies E j 's associated to the external states, y e 's associated to the edge e, while ν j and ν e respectively encode masses of the external state j and the internal state on the edge e of G.
In this section we first discuss how contributions ψ
G to the wavefunction of the universe related to a graph G with generic external scalars, can be obtained by acting with certain operators on the contribution to the wavefunction ψ
G from the very same graph G but with external states with order ν = 1/2, corresponding to the case µ(η) = 0 with the mode functions that reduce to be exactly exponentials. Then we will show how the wavefunction satisfies a new set of recursion relations. As a final comment, we will consider either ν ∈ R + , or ν ∈ iζ with ζ ∈ R + given that the bulk-to-bulk propagator G (ν ) is invariant under the sign flip of ν:
General external scalars from
In this paper, we will focus on wavefunctions whose external states are given by just ν = 1/2, the reason being that any state with a generic mass can be obtained by applying a suitable differential operator on the ν = 1/2 ones -an example of this fact was illustrated in [30, 31] where weight-shifting operators were defined for mapping the wavefunction of the universe with external conformally coupled scalars in de Sitter space, to a wavefunction with all external massless states. Here we will define operators which, acting on the wavefunction, changes ν = 1/2 to an arbitrary ν, i.e. an arbitrary mass, for a single state. The first direct observation is that any mode function φ (ν )
• can be conveniently written as an operatorÔ ν (E) in energy space acting on φ
There is a class of values of ν, and consequently of the masses, for which the expression (2.14) simplifies.
With the relation (2.13) among a generic mode function φ (ν )
• and φ
• ≡ e iEη at hand, we can also deduce how the wavefunction ψ
. Let us begin with considering a general graph G with n v vertices and n e edges, and a rescaled wavefunctioñ
whose explicit expression as a time integral is given bỹ
where 
The power β k,ν contains both the information about the cosmology and the type of interactions through the parameters α and k in γ k , and about the internal and external states at each vertex via ν v . It is possible to keep the two set of information separated, by writing two different Fourier spaces for Re{γ k } > 0 and Re{ν v − ρ v /2} > 0 separatelythen (2.18) results from the convolution theorem. Indeed, if either Re{γ k } < 0 or Re{ν v − ρ v /2} < 0 (or both), the related Fourier integral is substituted by a derivative operator. Thus, the wavefunction of the universe related to a generic graph G can be written as
i.e. the (rescaled) wavefunctionψ G with arbitrary external states as well as its integrand ψ G can be obtained by acting with the operatorsÔ on the (rescaled) wavefunctionψ is valid as long as Re β k,ν > 0. For Re β k,ν ≤ 0, the integrations over ε v is substituted by a differential operator of order β ∈ Z + , with β which is finally analytically continued to −β k,ν . Hence, we can write in full generality: G with external ν = 1/2 states only. It is also possible to obtaining it by applying the operatorŴ, written now as an integral over ε v , acting on ψ ′ G . Thus, the integrand ψ ′ G and the integralψ ′ G for contact interactions acquire the following form respectively:
where X is the sum of all the energies, and the product in the operatorŴ is given by a single term. For k = 3 and d = 5 as well as k = 4 and d = 3, γ k = 0 and the operatorŴ has an integral or derivative form depending only on whether Re{ν} − n/2 is positive or negative. Indeed, if all the external states have ν j = 1/2, then such an operator is just the identity.
Recursive relations
Let us now focus on the integrand ψ
G with external ν = 1/2 states only. For brevity, and because it will not give rise to any confusion, we will drop the {1/2} in the upper index: From this integral representation, we can consider the integral I obtained from (2.23) by inserting the time-translation operator ∆ in such a way that it acts on the full integrand of (2.23):
It is straightforward to notice that this integral vanishes: because of ∆, the integrand of I is a sum of total derivatives whose contribution from −∞ vanishes because of the positive frequency external states, while from the boundary because the propagation vanishes there. Thus, allowing the total time translation operator acting before on the external states and then on the propagators, I can also be written as 25) where the notation has been shortened by writing G
e y e ; η ve , η ′ ve . Interestingly, the total time translation operator maps the propagator G (νe) e of a state ν e into a propagator of a state ν e − 1: 
G
. Hence, the wavefunction with arbitrary internal states satisfies the following recursion relation
which can be schematically visualised as
with the operatorÔ e being the differential operator appearing inside the square brackets of (2.27). Such a recursion relation, relates the contribution to wavefunction from a given graph G with internal states with order {ν e } to the contribution to the wavefunction from the very same graph G but now with the order of the internal edges shifted by −1 one edge at a time. Notice that, diagrammatically, a weight ν e can be associated to the edge e of G, and thus the operatorÔ e raises the weight of the edge e by one. A straightforward manipulation of the recursion relation leads to following expression of the wavefunction ψ
(2.29)
Interestingly, for ν e = 3/2 -which corresponds to massless states for cosmologies with α = 2/(d − 1), including de Sitter in four dimensions, as well as to dS space-time (α = 1) with squared mass m 2 = (d 2 − 9)/4 -, the operatorÔ ′ e reduces to just the second derivative term. A comment is now in order. Despite revealing the unsuspected connection among wavefunctions with different internal states, recursion relations gain power if they have an endpoint -it is the seed the attention can be focused on -or, in any case, basic terms in the recursion are known or computable.
The order ν of a state can be either real or purely imaginary. If ν not only is real but it is also an integer or half-integer, the seed of the recursion relation can be taken to be ν = 0 an ν = 1/2 respectively. The latter corresponds to the massless scalar in flat space with time-dependent interaction, containing the conformally coupled scalar in FRW cosmologies. For de Sitter in four dimensions, the unitarity representations having ν ∈ R + 5 are such that, ν ∈ [0, 3/2] and, consequently, the only states with
are given by ν = 0, For arbitrary ν, irrespectively of being real or purely imaginary, the recursion relations discussed do not have an endpoint. Further, for ν purely imaginary, the operatorÔ ′ e would take the state out of the Hilbert space. In this case, one can take a perturbative approach, by considering the mass as a perturbative two point coupling around the point for which ν = 0. Importantly, we can even think of using this perturbative approach considering the full µ(η) as a perturbative coupling, i.e. introducing two-point corrections to the conformally coupled case: this would allow not to make any choice of the cosmology at all, while for the time being we have been restricting ourselves to a given class of a(η)'s. We postpone this discussion to future work, while in the rest of this paper we will focus on light states, with ν ∈ R + .
Edge-weighted graphs and the wavefunctions of the universe
Let us restrict ourselves to the specific case ν e = l e + 1/2 (l e ∈ Z + ). Considering for all the ν e 's the value ν e = 1/2 as the seed, then we can iterate (2.26) to obtain
e . (3.1) 5 Recall that because of the invariance of the propagator G under the sign flip of the order ν, we focused on ν ∈ R+.
Notice that however, the rescaling by of the propagator by (−yηv e )(−yη 
which can be schematically represented as
3) where the operatorsÔ (1) re andÔ (2) le are defined aŝ
(3.4)
The {l e } on the left-hand-side of (3.3) indicates that each edge e has a weight l e ∈ Z, identifying the state that propagates on that edge; the solid red lines in the first line on the right-hand-side indicate that the corresponding edge e has a lower weight l e − r e − 1, while the dashed red lines in the second line indicate that the corresponding edge has been erased. Hence, the recursion relation in (3.3) -and its functional expression in (3.2) -states that the wavefunction ψ G , related to a graph G and having internal states labelled by the integers l e associated to the edges e of G, can be expressed in terms of wavefunctions related to the very same graph G but with lower masses l e − r e − 1 as well as lower point and lower order wavefunctions.
For the concrete case of l e = 1 for any edge e -which corresponds to the case of all internal massless states in cosmologies with α = 2/(d − 1) as well as to states with squared mass m 2 = (d 2 − 9)/4 in dS d+1 -, then the order-raising operatorÔ ′ e reduces just to the second derivative term in (2.29) and the wavefunction can be expressed as 5) and, consequently, the tree-level two-site graphs with weights 0 and 1 are related to each other via a two-dimensional wave equation with sources
There is a further information that the recursion relation make manifest and which can be read off by just looking at the edge-weighted graphs: the order of the poles. Given a graph G, while their locations p(x, y) are associated to the subgraphs g of G -being the point where the sum of the energies which are external to g vanishes -, their order o(l) is fixed in terms of the weights l e
where E int g and E ext g are the sets of edges which are respectively internal and external to g.
Some examples
It is useful to provide some explicit expressions of this new class of recursion relations. In the next two subsections we will discuss the two simplest examples in some detail: the two-three-site line graphs.
Two-site line graph
The simplest example is given by the two-site line graph. In this case we can directly treat the case of a generic edge-weight l:
As usual the singularities are given as the sum of the energies which are external to all the subgraphs.
However, their are no longer simple poles, rather they are higher order poles, with the order given by (3.7):
In order to compute the wavefunction of the universe, we can iterate the recursion relation (3.8) until
to reach the seed l = 0 of the recursion, which is fixed by simple combinatorial rules. However, we can also make the following observation: from the order of the operator in (3.8), it is straightforward to see that the contribution to the wavefunction with an internal l state is a rational function of overall degree δ ψ = −(2l + 3). We can thus write the function associated to the two-site line graph as
The differential recursion relation (3.8) then translates into an algebraic one for the coefficients a r 1 r 2 :
with a (l) r 1 r 2 = 0 for r j > l and r j < 0 (j = 1, 2). Notice that the expression (3.10) resemble a Laurent expansion of the wavefunction in x 1 + x 2 , making some of the physical content manifest: the coefficient of the term with highest order for x 1 + x 2 is related to the flat-space scattering amplitude, and becomes proportional to it, with the proportionality coefficient given by a (l) 00 , on the sheet x 1 + x 2 = 0. Such a coefficient, together with a
l0 and a (l) ll , can be written in closed form
Actually, any of the other terms can also be related to (derivative of) the high energy limit flat-space amplitude. This can be conveniently seen by introducing the variables
where ψ 1 (x) = x −1 is nothing but the one-site wavefunction of the universe, i.e. the wavefunction for a contact interaction. As x T −→ 0, the order (2l
A 2 being the (high energy limit of the) scattering amplitude. As x L −→ 0 we can also write all the coefficients in the Laurent expansion around such a point in terms of lower-point wavefunctions and, equivalently, in terms of the flat-space scattering amplitude:
A similar formula can be obtained for the coefficients of the Laurent expansion as x R −→ 0. These formulas make manifest how the main physical information encoded is the (high energy limit of the) flat-space scattering amplitudes. In a sense, with the recursion relation (3.8) at hand (and, more generally, the recursion relations (2.29) and (3.3) for higher point processes), this is not a big surprise: it relates the graph with the edge-weight l to the one with edge-weight 0 which was already proven to be reconstructible from the knowledge of the flat-space scattering amplitude and the requirement of Bunch-Davies condition (which translates into requiring the final answer to be function on sum of energies only) [33] .
Three-site line graph
Let us now consider the next-to-simplest case of the three-site line graph with edge-weights l 12 = 0 and l 23 = 1 6 . Then, the recursion relation allows us to write such a graph as a differential operator acting on the same graphs but with all the edge-weights equal to zero:
Indeed we know how to compute the 0-edge-weight graph on the right-hand-side thanks to the combinatorial rules provided in [32] , so we can just use them and apply the differential operator in (3.15)
-which is the way to go if we were merely interested in the final answer. However, it is instructive to read off some of its features, such as the order of the poles o ≡
It can also determine the coefficient of the Laurent expansion of our edge-weighted graph as any of the singularity is approached, in terms of the residues of the wavefunction represented by the zero-edge-weighted graph. For example, as the total energy pole location is approached:
Notice that the operator in the last line acts just on the right-factor, so that the coefficient of (
Perturbative mass
The discussion so far has been restricted to a subclass of models identified by µ(η) 2 = µ 2 α η −2 with µ 2 α = −l(l + 1) (l ∈ Z), which includes states m = 0 for cosmologies a(η) ∝ (−η) α for certain values of α = α(l, d), as well as states with m = m(l, d) (which can be non-zero) in dS d+1 . In these cases the recursion relations (2.28) and (3.3) have a natural seed, given by the massless scalar with timedependent polynomial interactions in flat-space -which contains the conformally coupled scalar in FRW cosmologies. In this section, we will extend such an analysis by considering the time-dependent mass perturbatively. This can be done in two ways: it is possible to consider µ 2 (η) = λ 2 (η), or µ(η) = λ 2 (η) + µ α η −2 , with λ 2 being the dimensionless small expansion parameter. While in the first case, the free states are massless particles in flat space-time and the analysis applies to arbitrary a(η), the second choice holds for cosmologies a(η) = (−η) −α , with λ 2 (η) ≡ m 2 (−η) −2α and µ α = −l(l + 1) for α = 2l/(d − 1): in this latter class of cases, the free states are labelled by ν = l + 1/2. Thus, performing a perturbative analysis in these two cases is equivalent to do perturbation theory around two different free propagation, which, for the above choices of cosmologies and parameters, corresponds to the scalar being conformally or minimally coupled respectively. However, as we just saw in the previous sections, the integrand defined by considering all the couplings in Fourier space satisfies recursion relations, which relate the l = 0 states to the l = 0 one, i.e. the massless free propagation. Hence, we will begin with analysing the case of a massless particles in flat-space with time-dependent couplings, including a two point coupling λ 2 (η), which will be also treated in its Fourier space
Thus, a generic contribution to the perturbative wavefunction of the universe can be represented via Feynman diagrams which now allow for two-point vertices, and its general form can be written as
where the same with the extra exponential terms having argumentx w ≡ E w + ω w , E being the energy of the state which is receiving the mass correction. Further, the arguments of the relevant two-point couplings in (4.2) gets shifted tox w − E w , with the integration overx w . We will comment about this case separately, while, for the time being, we will focus on (4.3).
Graphically, the two point couplings can be identified by a white site with valence 2 with the first graph representing a mass correction to an external state, while the third and the fourth represent mass corrections to the two-site graph (appearing as second graph). Equivalently, the graphs above can be thought of as subgraphs so that they will represent mass correction to some internal (or external, in the case of the first graph) state in a more complicated graph. Importantly, two edges connected via a white site have the same y associated to it because of spatial momentum conservation.
This introduce a novel feature in the function form of the integrand: it is bounded to develop higher poles, which become explicit in some of its residues.
Notice that the formula (4.3) for the wavefunction integrand has the very same structure as the one without the two-point couplings: this means that it satisfies the very same recursion relation proven in [32] and, consequently, the combinatorial rules on the graphs implementing it holds with no modification: one iteratively splits the graph in connected subgraphs associating to it the sum of the energies which are external to it, and sums over all the possibility in which such a decomposition can be done. Writing explicitly some example:
From the second line in (4.4) it is easy to check that it develops a double pole: taking a residue iteratively in three out of the four variables, e.g. {x 1 , x 2 , y} or {x 1 , x 2 , ω}, one gets as a result 1/(2y) 2 (or 1/(2ω) 2 ). This can be actually understood in full generality. Let us consider a generic graph G with black sites only. The iterated residue of the associated meromorphic function on the x i 's is given by [32] :
If we now map the graph G into a graph G • by substituting some of the black site connecting two edges only with white ones, then the meromorphic function associated to G • is the very same one but with all the y e 's related to edges which connect to each other via the white sites being now the same ones. Therefore, taking the iterated residues with respect the variables associated to the sites, one obtains (4.5) but with a number of the y's collapsing onto each other, generating multiple poles. Looking at the example in the second line of (4.4), the graph has just two edges connected via a white site, which allows us to predict that it has to develop a double pole 1/(2y) 2 . As a final comment, the wavefunction with a massive internal state can be thought of series in the white site insertions on a given edge. Considering a two site graph, then it is given by
where, for cosmologies a(η) = (−η) −α , the ω-dependent coupling isλ 2 (ω r ) = λ 2 i 2α ω 2α−1 r ϑ(ω r ). In other words, it is given by re-summing over all the line graphs integrated over the variables ω r (r = 1, . . . , a) attached to their internal (white) sites. The study of a possible closed form for the re-summed two-site graph (4.6) is postponed to future work 7 . However, for the time being, there is a comment which can be made: at least for cosmologies with α ∈ Z 1 2 + , the structure of the integrand immediately implies that the integration over the ω r returns polylogarithms with rational coefficients.
Let us write explicitly the simplest example in dS (i.e. α = 1):
7 Despite it might look like the standard textbook discussion on resummation of the self-energy corrections on a two-point function, the structure we would need to re-sum does not have a geometric series structure.
Notice that the integrated expression above seems to have poles in y − x i , which are not really expected for the Bunch-Davies wavefunction. In fact, if we compute the residues of such poles they are indeed zero! Let us close this section commenting on the perturbative treatment with ν = l + 1/2 (l ∈ Z + ) states as free states. As for the case just discussed, the structure (4.3) of the wavefunction integrand stays unchanged, with the propagators now being the propagators for the l-states. This means that the recursion relations (2.28) and (3.3) hold. Hence, in this case we have edge-weighted white/blacksite graphs, which, because of the recursion relation proved in this paper, can be rewritten as a differential operator acting on the related l = 0 edge-weighted ones (i.e. the ones discussed above) upon iteration:
(4.8) where x v ≡ ω v for the internal sites. For example, the l = 1 edge-weighted graph with one white site can be written as:
which in the dS case integrates to
(4.10) Summarising, the combinatorial structures encountered earlier extends in the case of perturbative mass, both around the massless flat-space scalars (which contains the conformally coupled one) as well as the scalars with time-dependent mass µ(η) = −l(l + 1)η −2 (containing the minimally coupled scalars). It would be astonishing if the peculiar structure this perturbative expansion would allow us to re-sum it. As already mentioned, we leave this exploration for future work.
Cosmological polytopes and edge-weighted graphs
Graphs with l = 0 return the wavefunction of the universe for massless scalars, which are naturally associated with the so-called cosmological polytopes. In this section we can show how this is also true for the case l = 1, i.e. for internal massless scalars in cosmologies a(η) ∝ (−η) −α .
Cosmological polytopes and the wavefunction of the universe: a concise review
Given the space of n e triangles {∆ i } identified via their midpoints (x i , y i , x ′ i ), cosmological polytopes are defined as the convex hulls of the 3 n e vertices of such triangles intersected in the midpoints (x i , x ′ i ) of at most two out of their three sides (see Figure 2 ). there are two ways of constructing more complicated objects: they can be intersected on the midpoint of one of the two (blue) intersectable sides (
, originating the polytopes on the bottom left and right respectively. Interestingly, this construction has the space-time causal structure imprinted: the two intersectable edges of a triangle correspond to the two space-time regions with a definite causal relation (past and future), while the non-intersectable one represents the region with no causal relation (space-like). Or, turning the table around, the causal structure of the space-time provides a rationale to having triangles as fundamental objects as well as to the prescription of considering the class of polytopes generated by intersecting at most two out of the three sides of the triangles. While the n e non-intersected triangles live in P 3ne−1 , a cosmological polytope generated by intersecting them by imposing r constraints live in P 3ne−r−1 .
←→
There is a 1 − 1 correspondence between cosmological polytopes and the l = 0 graphs: any triangle △ i , characterised via its midpoints (x i , y i , x ′ i ), is associated to a two-site graph, with each site corresponding to the intersectable sides of △ i and its only edge with the non-intersectable one. Thus, a cosmological polytope P G generated by intersecting n e triangles, is associated to a graph G with n e edges constructed from a collection of two-site graphs by identifying some of their vertices:
Each vertex and edge are then labelled respectively by x v and y e which are related to the midpoints x i and y i . These labels can be identified with the energies of the sites v and edge e. Vice versa, starting with a graph G, it is possible to define the space of the energies associates to its sites and edges Y = (x ′ s, y ′ s) ∈ P nv +ne−1 , n v and n e being the number of vertices and edges of G, with a basis formed by the vectors x v ≡ x v X v and y e ≡ y e Y e associated to vertices and edges. Each edge of G is then associated with the set of vertices
The cosmological polytope P G associated to the graph G is thus the convex hull defined by these vertices. Finally, any cosmological polytope P G ∈ P nv+ne−1 has an associated canonical differential top form ω(Y; P G ), Y being a generic point of P G , which is uniquely fixed by the requirement that it has logarithmic singularities on (and only on) all the faces of P G . Defining the coefficient Ω(Y; P G ) of the canonical form ω(Y; P G ) by stripping the universal top-form measure Y, d N Y out (N ≡ n v + n e ), it returns (the integrand of) the wavefunction of the universe Ψ G (x, y) associated to the graph G [32] 
When any singularity is reached, the canonical form ω(Y; P G ) reduces to a lower-dimensional one which characterises the lower dimensional polytope P g corresponding to the face of P G identified by a subgraph g of G.
The definition of the cosmological polytopes as convex hull of the vertices of n e intersecting triangles allows a direct combinatorial characterisation of their faces as well: given a certain cosmological polytope P G , any of its facets is defined as the collection V F of vertices V I a (a = 1, . . . 3n e ) of P G such that W I V I = 0, W I ≡x vXvI +ỹ eỸeI being an hyperplane in P nv +ne−1 withX v · x v ′ = δ vv ′ ,Ỹ e · y e ′ = δ ee ′ andX v · y e ′ = 0, compatibly with the constraints on the midpoints of the sides of the generating triangles -those vertices of P G which are not on the facet identified by a certain hyperplane W I , satisfy instead the inequality W · V a ≥ 0. Each of these hyperplanes is in a 1 − 1 correspondence with a subgraph g of the graph G associated to P G , and it is given by W = v∈gx vXv + e∈E ext gỹ eỸe , with E ext g being the set of edges external to g. It is possible to graphically keep track of the vertices belonging to a certain hyperplane W introducing a marking on the associated graph G indicating the vertices which do not belong to
If G = g, then all the edges are marked in their middle and the hyperplane identifying this facet is given by W = vx vXv , i.e. it is the scattering facet and it is identified by the collection of 2n e vertices {x v + y e − x ′ v , −x v + y e + x ′ v }. For a more general facet, the graph gets marked in the middle of the edges of G which are internal to g and in the extreme close to g for the edges of G which are external to g:
x 5
x 6 x 7 g and the facets are identified by the collection of: the vertices {x v + y e − x ′ v , −x v + y e + x ′ v } for each edge e marked in the middle, {x v + y e − x ′ v , x v − y e + x ′ v for each edge marked close to the vertex x ′ v , and all the three vertices for those edges which are unmarked.
Cosmological polytopes and l = 1 states
As reminded above, a cosmological polytope -but in truth any positive geometry -is uniquely characterised by its canonical form, with the properties of having logarithmic singularities on (and only on) its boundary and with the residue of any of its singularities being a lower-dimensional canonical form.
The recursion relation for the edge-weighted graphs crucially involves differential operators. This immediately implies that for an edge-weighted graph G {le} with any l e = 0, the related wavefunction of the universe is characterised by poles with order higher than one. This fact seems to exclude the possibility of a description of any wavefunction of the universe associated to edge-weighted graphs with non-zero edge weights via any positive geometry. In this section we instead want to argue that it is indeed possible to extract it from combinatorial and geometrical objects in the same class of the cosmological polytopes.
Cosmological polytopes, derivatives and high order poles
Let us begin with considering the space of two triangles with vertices
. The general prescription for generating more complex objects is to intersect them on the midpoints of at most two of their sides, which we previous referred to them as intersectable sides. However, this prescription can be extended with the inclusion of the vertices of the triangles, i.e. we can allow to intersect the triangles in the midpoints of their intersectable edges and in their vertices as well. An idea which goes along these lines was discussed in [33] , where the triangles were allowed to intersect also on the vertex shared by their intersectable sides -which was dubbed for this reason as intersectable vertex.
In our present context, we allow the two triangles to intersect in one of their midpoints and in the vertices opposite to them, e.g. imposing the constraints x ′ 1 = x ′ 2 and
The polytope generated in this way is a square pyramid in P 3 with vertices
where h 2 ≡ x 2 − y 2 + x ′ = −2y 2 + x 1 + y 1 + x ′ , together with x 1 , y 1 and x ′ , parametrises the (ungauged) degrees of freedom.
One comment is now in order. This construction is equivalent to just intersect a triangle {x 1 −
with the latter which can be thought of as a projection of a triangle
This point of view makes the connection to a graph straightforward: while, as reviewed in Section 5.1, a triangle is in a 1 − 1 correspondence with a two-site line graph, the segment is with a one-site one-loop graph -obtaining the segment as a projection of a triangle through a cone with origin O ≡ x 2 − x ′ 2 corresponds from the graph point of view to take a two-site line graph and merging its two sites (this is nothing but the procedure to obtain a (L + 1)-loop wavefunctions from an L-loop one defined in [33] ). Hence, the square pyramid with vertices
obtained by intersecting a triangle and a segment as just described is in a 1 − 1 correspondence with the graph obtaining by merging a two-site line graph and a one-site one-loop graph:
The canonical form of the square pyramid returns the wavefunction of the universe for the two-site tadpole-like graph above. If {V I a } (a = 1, . . . , 5, with the labels identifying the vertices in the order as they appear in (5.2) ) is the set of the five vertices of the square pyramid, then the coefficient of its canonical form can be easily computed via a contour integral [32, 34 ]
.
From this expression it is immediate to see that it reduces to (minus) the first derivative with respect to x 2 of the canonical form of the triangle, i.e. of the wavefunction of the universe related to a(n
This can be even more straightforwardly seen by considering one of the two triangulations of the square pyramid, specifically {1234} + {1235} 
where the last line just serves to make explicit how, in the limit h 2 −→ 0, this triangulation of the square-pyramid matches the textbook definition of the derivative of the canonical form coefficient Ω T of the triangle T .
Importantly, any collection of such intersecting P (i)
t 's has a graph associated to it. Recall that any P (i) t is in turn defined as the intersection of one triangle and two segments. Recall further that the triangle can be represented by a two-site line graph, while the segment is represented by a one-site one-loop graph. In both cases, the sites of the graphs represent the sides of the triangle/segments which they can be intersected on. Hence, being the intersection of one triangle and two segments, the polytope P
t is represented by the graph t obtained by gluing two one-loop one-site graphs with a two-site line graph, one at each site of the latter
Thus, a collection of P
t 's is represented by a collection of graphs t i 's depicted above, and a polytope P G t is then represented by the intersection of the t i 's in their sites. For example 9 :
As shown in the previous subsection, the presence of one-loop one-site subgraphs in the graph G t implies that the associated canonical form is nothing but a Newton's difference quotient of the canonical form of the related graph G without one-loop one-site subgraphs with respect to the variables associated to the sites of G t where the one-loop one-site subgraphs are glued.
Thus, given a graph G t , there is a polytope P G t living in 10 P nv +ne+n h −1 ≡ P 4ne−L associated to it, whose canonical form coefficient Ω(Y; P G t ) is the Newton' difference quotient of the wavefunction of the universe for l = 0 with respect to a subset of variables which can be equivalently identified with midpoints of special hyperplanes in P G t ) and with the sites of G t with one-loop one-site graphs. In the limit h j −→ 0 (∀ j = 1, . . . , 2n e ), the canonical form for P G t returns the wavefunction of the universe for l = 1 states, reproducing (3.5)
Facets of the polytopes P G t
The polytopes P G t are nothing but specific sub-class of the standard cosmological polytopes. Consequently, the structure of their faces can still be analysed via the marking described in Section 5.1.
9 It is worth to stress that the disposition of the one-loop one-site subgraph (nested, internal, external, etc.) is meaningless: they are drawn as they are for pictorial convenience. 10 Here we write the dimension of the projective space where the polytope lives in terms of the data of the graph {nv, ne, n h }, which are respectively the numbers of vertices, edges and tadpoles, as well as using the relation among these parameters, i.e. nv = ne + 1 − L and n h = 2ne , L being the number of internal loops.
There is just one subtlety which is encoded in the presence of one-loop one-site subgraphs in the associated graph G t . In order to discuss it, we can just consider a one-loop one-site graph, i.e. the segment polytope
It has two boundaries, identified by the two vertices {V 1 , V 2 } = {2x − h, h} and which belongs to the straight lines x + 2h = 0 and x = 0 respectively. Now, the associated graph can be thought of being obtained from a two-site line graph by merging its two sites into one. Such a constraint implies that the two vertices which are kept track of via a marking on the two extremes of the edge of the two-site line graph are made coincident. However, for consistency with the previous notation we will keep marking both. Therefore, the two facets of the segment polytope can be indicated as
where the two vertices indicated by a marking close to the only site indicate the very same vertex h. So, given a generic graph G t , the vertices on the facets of P G t can be kept track of following the very same rule as for the standard cosmological polytopes keeping in mind that the markings associated to the two ends of the edge of the one-loop one-site subgraphs identify the very same vertex. With this in mind we can analyse the facets of P G t .
A first observation is that all the facets corresponding to subgraphs containing the lowest codimension graph without tadpoles lives in P 4ne−L−1 and has 4n e vertices.
This counting is easily done. The total number of vertices of a polytope P G t is 3n e + 2n h , i.e. three for each straight edge of the associated graph G t and two for each tadpole; furthermore by construction n h = 2n e and, therefore, the total number of vertices of P G t is 7n e . When we consider any subgraph which contains all the straight edges, the related facet will have two vertices for each straight edge and one for each tadpole, so that the total number of vertices in it is 4n e . Thus, such a facet is a polytope which lives in P 4ne−L−1 and has 4n e vertices. Consequently, for graphs with no internal loops (L = 0), such codimension-1 facets are simplices -an example is given in the picture above.
A second important observation is that the scattering amplitude is encoded in higher codimension faces. Concretely, the scattering face of a polytope P G t , is the face of codimension n h + 1 ≡ 2n e + 1, identified on the associated graph G t by the subgraph g t = G t and all the 2n e subgraphs which exclude one tadpole at a time. Interestingly, there is an isomorphic face which is identified by the subgraph which includes none of the tadpoles and, again, all the 2n e subgraphs which exclude one tadpole at a time. We will see explicit examples of them in the next subsection. What is worth to emphasise now is that the scattering face we have been discussed has the very same structure of the scattering facet which arises for the standard cosmological polytopes, being it identified by the set of vertices {x i , where E h is one of the subset of E containing only the edges of the tadpoles but one. The appearance of the scattering face as a codimension 2n e + 1 face is the beautiful avatar of the fact that the high energy limit of the scattering amplitude is encoded into the leading coefficient of the Laurent expansion of the wavefunction in the neighbourhood of the total energy pole! In fact, in the limit h i −→ 0 (∀ i = 1, . . . , 2n e ), the poles in the coefficient of the canonical form identified by these hyperplanes collapse to form a (2n e + 1)-order pole. This indeed the same order we would read off from the related edge.weighted graph. According (3.7), the order of the total energy pole is e∈E int g 2l e + 1, given that the total energy pole corresponds to the subgraph g = G, with thus no external edges. Given that in our case all the edges have weight l e = 1, the sum in the counting formula returns the number n e of the edges of the graph. Consequently, the order of the pole is 2n e + 1 as from the polytope analysis.
An illustrative example
For the sake of clarity, let us illustrate the construction just described with some example. The simplest case is given by the polytope P G t itself, which lives in P 4 and is identified by the vertices (5.6), which we write here again for convenience:
It is in 1 − 1 correspondence with the graph t:
Let us analyse in detail its facet structure. As mentioned in the previous section, some of the facets are simplices: they are identified by any subgraph containing the lowest codimension subgraph without tadpoles. In this case, the lowest codimension subgraph without tadpoles is the two-site line graph.
There are four of such facets. The first one is identified by the graph itself and corresponds to the hyperplane W = x 1 + x 2 . The four vertices on such a facet are
which is indeed a tetrahedron in P 3 with canonical form coefficient
The other three facets of this type are identified by the hyperplanes related to the subgraphs which exclude either of the tadpoles as well as both, while containing the two-site line subgraph:
t whose respective vertices and canonical form coefficients are given by
These facets share a codimension 2 (codimension 3 with respect to the original polytope) face, which is identified by the intersection between the hyperplanes identified by the lowest codimension subgraph of G t excluding only and only one tadpole at a time
where, as in the previous section, the open circles indicates the two vertices belonging to the face. This is equivalent to taking the residues in h 1 = 0 and h 2 = 0 in each of the four canonical form coefficients Ω (j) (j = 1, . . . , 4), returning the Lorentz-invariant flat-space scattering amplitude. In this concrete example we are just seeing what we discussed in full generality at the end of the previous section: the scattering face is a higher codimension face of the polytope, and its codimension corresponds to the order of the pole when the limits h j −→ 0 (j = 1, 2) are taken.
The polytope in question has four more facets: they are identified by any other subgraph which does not include the two-site line one, i.e. in our concrete example, they can include one tadpole and one site at a time or just one site:
These facets are just square pyramids, whose square face has x i related to the site outside of the subgraph as a midpoint 
which is identified by the hyperplane corresponding to the equation x i + y 12 + σ i 2h i , with σ i = 0, 1, and (i = 1, 2). If we now go on the facet of this square pyramid identified by h i = 0, i.e. its square base, which is a codimension 2 face of the original polytope, the related canonical form is such that, in the degenerate limit h j −→ 0, reduces to the derivative of the scattering amplitude with respect to x j :
(5.12) Hence, the degenerate limit of the canonical form of the codimension two face of the original polytope P t is exactly the coefficient of the expected double pole in x i + y 12 . Thus, with this simple example we have provided an illustration of the beautiful fact, proved in general in the previous section, that the coefficient of the highest order poles of the wavefunction of the universe emerge as the degenerate limit (i.e. h i −→ 0 for all i's) of the canonical form of higher codimension faces, which are easily identified via the associated graph. Beautifully, the codimension corresponds to the order of the pole in the wavefunction.
Cosmological polytopes and perturbative mass
Let us now discuss the combinatorics for the contribution to the wavefunction considering two-point couplings, which has been discussed in Section 4. One of the key features of the graphs with two point vertices is the fact the same y is associated to the two edges joined by such a vertex, which, as already shown, implies the presence of a high order pole: taking residues of the wavefunction associated to the graph with respect to the variables associated to its sites, then if n e edges are connected via n e − 1 white sites, then one gets an n e -order pole in 2y e , i.e. e∈Ē (2y e ) −ne -whereĒ is the subset of edges which differs among each other for the associated y e . Consequently, it is not in principle possible to associated a canonical positive geometry to these type of graphs, given that the canonical form associated to them are characterised by having single poles only.
However, the discussion on the halohedron and the one-loop bi-adjoint scalar [41] as well as the discussion of the previous section, taught us that functions with high order poles can be thought of as a degenerate limit of some canonical form.
In the case of graphs with black and white vertices introduced in Section 4, it is straightforward to identify the positive geometric which we should take the degenerate limit of: given that any graph with black and white sites satisfies the same combinatorial rules as the standard reduced graphs and can be thought of as a limit of them 11
dy e δ(y e − y)
Hence, the graphs with black and white graphs are related to a degenerate limit of the canonical form of the standard cosmological polytopes.
As a final comment, we can also consider the mass insertion on the edge-weighted graphs, as already discussed in Section 4. Then, the mass correction corresponding to a graph with n m mass insertions is obtained as a double degenerate limit of the polytopes introduced in this paper: one class of limits, h j −→ 0, which makes poles collapse into higher order ones, and the other, y e −→ y for each e connected by two point vertices.
Conclusion
In the last two years we started to scratch the surface of what the general features of cosmological observables, equivalently the wavefunction of the universe and the spatial correlators, may be and how fundamental physics is encoded into them. Contrasting to the status of the physics at sufficiently high energies, the requirements of unitarity, locality and Lorentz invariance are extremely constraining, determining which interactions are allowed, and fixing the basic structure of scattering processes. It would be ideal to reach a similar understanding in cosmology, but we are still pretty far from achieving it. This happens for a good reason: those principles which are basic in flat-space become approximate, and thus it is no longer clear which are the fundamental rules governing the physics at cosmological scales.
There are two complementary approaches -see [31] and [32, 33, 35] -which recently have been undertaken to make progress in this direction, both of which are inspired by the most recent developments in the context of scattering amplitudes. The present paper is a generalisation of the second one, and has started the detailed analysis of the wavefunction of the universe for more general scalars, which are described by a scalar in flat-space with time-dependent mass as well as time dependent couplings. Treating the time-dependent mass in its Fourier space, the wavefunction integrands which get defined in this way satisfy novel recursion relations, connecting states with different masses and involving certain differential operators. For certain masses, these recursion relations have the flat-space massless case -i.e. the conformally coupled scalar in cosmology -as a seed and thus the full structure for the wavefunction with these internal states is just inherited from the seed via these differential operators. This means that the very same combinatorial rules holding for the conformally coupled scalar can be translated to such a case via differential operators. However, it has an additional implication. From [33] we learnt that the residues of all the poles of (the integrand of the) wavefunction of the universe for a massless scalar with time-dependent coupling constants can be interpreted as scattering processes or can be expressed in terms of scattering processes. Consequently, via the differential operators in the recursion relations for these more general states, also all the coefficients in a Laurent expansion around any of the singular points of the wavefunction integrand can be expressed in terms of scattering amplitudes. Indeed, what was observed so far was that the leading coefficient of the Laurent expansion around the total energy pole was (proportional to) the flat-space scattering amplitudes. For more generic, but still light states, we can perform a perturbative treatment for the mass corrections: we obtain a diagrammatics which is a straightforward generalisation of the one we have been using for the conformally-coupled case and it is related to it via a limit which imposes the energy conservation between two edge joined by a mass insertion. Now, if we were interested in computing the wavefunction with a given internal massive state, treating the mass perturbatively one realises that there is a very specific class of graphs which contributes: e.g. given a two-site graph, the perturbative mass corrections to it are all line graphs with internal two-point vertices, representing the mass insertions. While it is indeed not trivial to re-sum them because of the time dependence of the mass (one does not end up having a trivial geometric series), the fact that there is a very specific class of graphs involved leaves some hope for the possibility of re-summing it. We have not faced this issue explicitly, leaving it for future work.
One of the aims of the approach [32, 33, 35] is to find an underlying first-principle mathematical structure which the wavefunction of the universe arises from. The cosmological polytopes, which encodes the wavefunction of the universe for the conformally coupled scalar in FRW cosmologies, are characterised -as any other positive geometries -by a canonical differential form having logarithmic singularities only in correspondence of the boundaries of the polytope. Its coefficient returns the wavefunction of the universe. Now, when we treat massive states, it is no longer true that even the wavefunction integrand has simple poles (i.e. logarithmic singularities) only. This would in principle suggest that the wavefunctions for these states should not be describable in terms of positive geometries, at least according to our current understanding. In this paper, we show that it is not the case for some specific values of the mass: starting from the very same building blocks as the cosmological polytope, i.e. the space of triangles which can be intersected in the midpoints of two out of its three sides to form an actual cosmological polytope, we can define a generalisation of this construction requiring to intersect the triangles in one of the intersectable midpoints and the vertex opposite to it. Or equivalently, we can enlarge the set of building blocks considering both triangles and segments, and intersecting them in their midpoints (holding the distinction between intersectable and non-intersectable sides for the triangles). Taking this last point of view, the result of such a prescription is a polytope whose canonical form Ω is nothing but the Newton's difference quotient of the canonical formΩ that one would obtain by intersecting the very same number of triangles.
Thus, a degenerate limit of Ω returns the derivative ofΩ with respect to the energies associated to the midpoints where the triangles have been intersected with the segments. All the polytopes constructed considering two segments for each triangle, intersected one for each intersectable side, are characterised by a canonical form that, in the degenerate limit, returns the wavefunction integrand for the l = 1 states. These polytopes are still in a 1 − 1 correspondence with graphs, with the triangles still associated to two-site graphs, while the segments to tadpoles (i.e. one-site one-loop graphs). The faces of these polytopes beautifully encode the information of the wavefunction, before the degenerate limit. In particular, the scattering amplitude emerges from a higher codimension face: this is just the statement that the scattering amplitude is associated with the leading term in the Laurent expansion around the total energy pole. Beautifully, the codimension of this face is the order of such a pole. This is more generally true for other faces.
One of the important points of [33] was that the tree wavefunction can be reconstructed from the flat space scattering amplitude and requiring the absence of some unphysical singularities, with the loop ones which can be obtained via a particular projection. This is also true in the case discussed in the present paper, and it is manifest in the polytope/graph picture. We can consider a cosmological polytope constructed in the standard way, which a tree graph is associated to. We can then project it through cones with origin in x i − x ′ i , x i and x ′ i being associated with the sites of the i-th most external two-site subgraph: such a projection produces a polytope whose associated graph has an external tadpole for each i. Thus, the polytopes introduced in this paper can be reconstructed from the knowledge of the flat-space scattering amplitudes via the class of projections just discussed.
As mentioned at the beginning of this section, we have been just scratching the surface and there are a large number of questions. Let us mention two of them, which are more immediately inherent to the discussion presented in this paper. Our analysis holds for light states only, i.e. in dS d+1 for masses m ∈ [0, d/2] (the complementary series in d = 3), and in cosmologies a(η) = η −α for m = 0. So, together with investigating the possible resummation of the graphs contributing when the mass is treated perturbatively, it is indeed interesting to explore the structure for heavier states. Notice that the recursion relation we proved, it is valid in general. However, for heavier states, it does not have a clear seed and, importantly, it seems that it introduces states which are out of the Hilbert space.
Secondly, we are now in the position of treating states with spin different than zero. The natural first candidate is looking at the wavefunction for spin-1 states. However, what we have been accustomed to do so far, is to perform a graph by graph analysis. If on one side it has been illuminating in the cases of scalars, when we move to spin-1 states considering the sum of graphs becomes compulsory because we need to have a gauge invariant observable -while a single graph is always gauge-dependent.
This goes in parallel with the issue of finding a picture for the sum of graphs even in the scalar case:
we expect that this picture is bounded to exist because we already know that the relevant underlying combinatorial structure for scattering amplitude of scalar interactions [39] [40] [41] [42] [43] which are all included in the cosmological polytope description.
